We describe a discrete mathematics course for in-service middle school teachers taught exclusively using guided discovery. The article describes the set of notes used as a textbook, as well as the structure and facilitation of the course itself. We discuss particular benefits of using guided discovery with middle school teachers and student reaction to the experience.
Introduction
The Master in Teaching Middle School Mathematics (MSM) program at Salem State College is designed for middle school teachers who already have an initial license to teach grades 5-8 math in the state of Massachusetts (or equivalent certification) and who wish to be eligible for professional licensure with certification in middle school mathematics. The program was established in the spring of 2004 under a Title II-B: Massachusetts Mathematics and Science partnership grant.
In this article we discuss the use of guided discovery in the MSM course in discrete mathematics, one of nine mathematics courses required for the degree. These courses provide the students with a deeper understanding of the mathematical content in or related to the middle school curriculum. In each course there is a significant emphasis on problem solving as well as some discussion of logical reasoning and proof writing. Most students in the MSM program have not majored in mathematics and their background in formal mathematics is limited.
In the spring of 2008 the MSM discrete mathematics course was taught by Reva Kasman. The demographics of the students who enrolled in this class were fairly typical: there were twelve middle school teachers and one high school teacher. Only one middle school teacher had been an undergraduate math major and the high school teacher had minored in math. To best meet the needs of these students a guided discovery approach was chosen for the course. In this article we describe the logistics of this class and reflect on the experience of teaching the course in this manner.
Course Materials
A truly enriching course for middle school teachers must provide more than the basic techniques for solving problems in the middle school curriculum. However, most traditional undergraduate textbooks in discrete mathematics require more experience with formalism than can be realistically expected of this audience. Furthermore, while the MSM courses are not educational methods courses, we wanted the learning experience to provide the students with applicable lessons for their role as classroom teachers of mathematics.
In the spirit of these goals, the instructor decided to adopt the course notes written by Ken Bogart [2] and adapted by Mary Flahive [3] as the textbook. Ken Bogart's original notes were designed to be used by undergraduate math majors with the students working in small groups during class and the teacher acting in the role of guide. His method of guided group discovery [4] built on earlier work in pedagogy, including Neil Davidson on small group discovery [5]; Ed Dubinsky, et al., on the genetic decomposition of mathematical knowledge [1, 6, 7] ; and Alan Schoenfeld on problem solving [10] . Unlike many classes in which information is conveyed primarily in expository lectures, students in any group discovery class play a principal role in the acquisition of content knowledge and are actively involved in their own learning both inside and outside the classroom.
The notes consist almost exclusively of problem sequences, with a small amount of connective exposition. There are no worked examples in the text and no solutions are provided at the back of the book. The notes were carefully constructed to contain enough problems for students to independently discover key concepts while not containing so many that students would be unduly overwhelmed by the volume of new ideas at any particular point. Each sequence in the text begins with fairly low-level questions that involve a great deal of concrete experimentation, and both the difficulty and the level of abstraction gradually increase within the problem sequences. The discovery-based approach easily allows an instructor to choose how far to go in each unit. The early problem sequences emphasize the importance of understanding small examples and this is a continuing theme throughout the notes. As the book proceeds, students are explicitly encouraged to find multiple solutions to problems as well as to make connections with prior information.
The problems allow for some flexibility in the level of justification required for a proper solution. Although completely rigorous formal proofs were not required or expected in our class, a high standard for justification of both verbal and written work was maintained. The emphasis was on contextual explanations. For example, for a question on using a function to describe the distribution of twelve t-shirts to nine students, the statement "The function is surjective because every element of the co-domain has a preimage" would not be considered sufficient justification, while the explanation "The function is surjective because the co-domain is the 9 students, the domain is the 12 t-shirts, and we know that every student gets a t-shirt" would be deemed satisfactory.
The complete table of contents for the notes is given in appendix A. Our class covered most of the combinatorial principles in chapter 1, including the sum, product, bijection and pigeonhole principles, as well as Ramsey numbers. Students also worked through the sections from chapter 3 on equivalence relations, the binomial theorem, Pascal's triangle and Catalan numbers; chapter 4 on graph theory and some optimization algorithms; and the additional material on functions and digraphs in the first appendix of review material.
Chapter 2 of the notes covers formal mathematical induction. From her previous experience using these notes with in-service high school teachers, the instructor thought students tended to concentrate on the standard template for these proofs and as a result missed the inductive nature of the arguments. To avoid this pitfall with the middle school teachers, chapter 2 was replaced with supplementary materials that focused on applied recursion problems and concrete inductive reasoning (see section 5.2).
To avoid confusion, in this article "problems" will always refer to the numbered questions in the notes, while "exercises" will refer to the questions on the supplemental homework assignments described in section 3.4.
Course Structure
The class met weekly in one 140-minute session for a 15-week semester. The learning process for the students consisted of several distinct components: at-home preparatory work, in-class small group discussions and presentation of solutions, and subsequent demonstration of mastery through homework and exams.
Preparatory Work
Students had their initial introduction to each new topic outside of class. A week in advance of each class period students were assigned a selection of approximately six to ten (usually consecutive) problems from the notes to work on at home. Essential concepts and results were developed through these problems. This work typically began with the investigation of concrete examples or the application of formal definitions. Subsequent problems often directed students to conjecture more general results and to support their conjectures with evidence and proof.
Students were expected to work on these problems on their own and to bring the results of these efforts to class, regardless of their state of completion or correctness. The experience of reading and interpreting unfamiliar mathematical text was generally novel for the students, as was the absence of both worked examples and a solution appendix in the text. Students were encouraged to keep good records of their experimentation, questions, and conjectures, and these provided the basis for in-class exploration with their group.
Small Group Discussions
Due to the advanced preparation, students came to class already engaged in the learning process and generally eager to meet with their peers to compare answers and to figure out any challenging problems that they had been unable to solve independently. When the class period began, students were immediately broken into groups of three to four students, sometimes assigned by the instructor and sometimes self-selected. The assignment of groups was designed to ensure that students worked with everyone in the class at some point during the semester as well as to prevent students from consistently relying on one of their stronger classmates for direction.
These small groups engaged in mathematical dialogue for approximately 80 minutes -they discussed solutions, puzzled through examples, and developed strategies for any problems that were still unsolved. During this time the instructor circulated and spent several minutes with each group in order to listen, ask questions, and draw out ideas, always remaining with a group only long enough to ensure that they were able to continue having a mathematically fruitful discussion. Although the instructor did not confirm the correctness of solutions, she occasionally suggested examples for the students to investigate or posed related questions that were likely to provide necessary insight if students were on a misguided path or felt unable to move forward.
Presentation of Solutions
After a short break, the remainder of class time (about 50 minutes) was devoted to presentations of the solutions from the groups. Since time constraints meant that it was not feasible to go through every solution, the students and instructor would jointly compile a list of problems that seemed most important to discuss. Predictably, students were interested in seeing the solutions to the more challenging problems, but the instructor made sure that the selected problems would contain all essential ideas of the unit. Having observed the groups in the first part of class, the instructor also tried to include problems where students had particularly innovative or diverse approaches.
Each student was expected to present at least two solutions at the board during the course of the semester. Of the twelve students who completed the class, eight students presented between four and seven problems, one student gave three presentations, and only three students satisfied just the minimum requirement of two problems.
Presentations were generally done on a voluntary basis, but as the semester progressed students would supportively prompt shyer members to present the group's efforts. On occasion, the instructor encouraged particular students to share an alternative solution or to highlight an idea that other groups had overlooked. Students were supportive of each other during presentations, helping each other by catching errors and filling in the necessary details. However, vibrant debate was not uncommon when multiple approaches to a problem were presented and students had strong feelings about which technique they preferred.
Normally the instructor observed presentations from the back of the room and allowed the students to direct the discussion during this time. On the rare occasions when the instructor did choose to spend a few minutes at the board she often shared an extra example to clarify a concept or reminded students of an earlier problem that was connected to something they had just discovered. That said, the instructor did not want to establish a pattern of providing the last word on matters as that would inhibit the spirit of independence and sense of empowerment that the students were developing.
Homework Sets
The problems assigned from the notes were usually well-mined after the in-class discussion and often full solutions had been presented to the whole class. Also, the linear nature of the problems in the notes precluded saving problems for the graded homework sets. Because of this, the instructor chose to create supplementary homework assignments with exercises that were modeled on the problem sequences from the notes.
An excerpt from one homework set can be found in appendix C, and three homework sets are posted at [8] . Working these exercises was a chance for students to demonstrate their individual mastery of the material. A critical goal of the homework sets was to require students to carefully explain their solutions from beginning to end with clear written justifications. Although rigorous formalism was not required, students were expected to use proper notation and terminology, and standards for explanations were high.
Exams and Review Days
Students demonstrated their mastery of the material on two in-class exams -a midterm and a comprehensive final. As with the homework sets, the exams included both calculational and short-answer explanation questions and required students to apply what they had studied to new situations.
With a guided discovery textbook, students tend to lose sight of how much they have actually learned. In light of this, the class periods before the midterm and final exams were used as opportunities to take stock of accumulated knowledge. The preparatory work for these classes consisted of listing and defining key principles and terms (both formally and in the students' own words) and illustrating each notion with examples. Students were asked to identify problems in the notes that highlighted different concepts, to create their own problems that would utilize the same techniques, and to determine where they still had any confusion. These review periods began in the usual manner with small group discussion during which many of their questions were answered by their peers. The instructor addressed any remaining concerns at the board during the final hour of class rather than having student presentations.
Instructional Module Project
There was a final project that could be done individually or in pairs. In their project students developed an instructional module at the level of their home classroom on a discrete mathematics topic not explicitly covered in the course. Each project was to include both a written component and an oral class presentation. The written section consisted of an explanation of the mathematical content of the chosen topic, as well as lesson plans, worksheets, and general guidance for a teacher. Although they were not required to use a discovery-based approach to their projects, students incorporated many hands-on investigations and experimental classroom activities into their lesson plans. The topics chosen included voting theory, apportionment, probability, expected value, the golden ratio, Fibonacci patterns, and graph coloring.
Grading Scheme
While participating in group discussion is essential for student success in guided discovery, it is vital that students ultimately demonstrate an independent mastery of mathematical content. Because of this, most of the assessment for the course was based on individual work. Percentages for the course grade were allocated as follows:
10%: overall participation 35%: written solutions to homework sets 15%: instructional module project 20%: in-class midterm exam 20%: in-class final exam Students' overall participation grades were based on their preparation of assigned problems, the quality of their involvement in the small groups, their contributions to whole-class discussions, and their own presentations. The instructor assessed participation weekly and assigned each student a score out of 5 possible points. At the start of term students received a description of characteristics that would distinguish the levels of 0-5 points. (This rubric is given in appendix B.) In a typical week most students earned the full five points, though early in the semester a few students received four points owing to their reluctance to talk in their groups. As students became acclimated to the class and their peers, this ceased to be a problem and usually everyone fully participated.
Establishing the Class Format
The students were naturally apprehensive about the prospect of a group discovery course, and at the start of the term the class had several concerns. Many students believed that their ability to do (and teach) mathematics had come from studying worked examples and then applying specific techniques to similar problems. Consequently, the lack of access to worked examples and solutions could seem like an insurmountable obstacle to their learning. Moreover, the sparseness of formal exposition in the course notes led some students to wonder if they were being asked to teach themselves the course material without adequate tools. For some students this initial anxiety was exacerbated by the fact that they were unfamiliar with the professor, since they did not yet have an established trusting relationship with the person who was ostensibly there to guide and evaluate their work. From previous experience teaching a course in this style, the instructor knew that it was especially important to address these issues at the beginning of the term and to include an open discussion of the pedagogical reasons for choosing a guided discovery approach. Students were frequently reassured early in the semester that they were not isolated in the learning process and that their grades would be based on clearly defined assessments.
In order to help the students adjust to the textbook and the class format, a typical class period was modeled on the very first day, with the obvious exception that the students had not worked on problems in advance. After an initial discussion of what guided discovery means and what students could expect in the class, small groups were formed and students worked together on the first six problems in the notes.
While most of these beginning problems are very concrete counting questions (for example, determining the number of possible sandwiches that can be made with three bread choices and five fillings), one general lesson that should emerge from this sequence of problems is the utility of working with ordered pairs. One student in this class was especially intrigued by this and proposed a conjecture about counting ordered triples, but one of his group-mates nervously responded that the book didn't ask about that and she didn't like going beyond what was asked. This provided the instructor with an opportunity to discuss the nature of the course, including the expectation that students should freely investigate generalizations to gain a deeper understanding of the material. Later in the period, volunteers presented solutions at the board and the class ended with the assignment of problems to be attempted at home for the next class period.
Students arrived for the second class with some level of distress because for some problems they had only random ideas and scratch work, and they were also unable to determine whether their work was correct or even on the right track. They were reassured that this was to be expected and that the group discussion was intended as a time to work through these challenges. After some preliminary confirmation within their groups of the answers to the more routine problems, students spent the bulk of class time on the problems that had caused difficulty.
In subsequent weeks, groups were almost invariably able to solve all the problems together -even ones that had seemed inaccessible to them individually at home. Students soon became accustomed to the format of the class and comfortably engaged in dynamic mathematical discussions.
Concrete Contexts for Abstract Notions
Although there was a great deal of abstract mathematics in the course, most topics were built on concrete contexts that are ideal for the middle school teachers. The following three examples highlight the ways in which deep mathematical concepts emerged from simple applied situations.
Functions
In chapter 1 of the class notes, problem 7 points out that "the idea of a function is ubiquitous in mathematics." While this is certainly a true statement, in many courses functions are seen only as algebraic expressions in which to plug values. Also, in many examples the domains and co-domains are tacitly assumed to be subsets of the real numbers. For example, a standard textbook question about the domain of a function might be "Find the domain of f (x) = 6x x−4 ," and the expected answer is "x = 4."
In contrast, when using functions in combinatorial arguments, students must have a highly conceptual understanding of function. For example, problem 18 in chapter 1 asks "In how many ways can you pass out nine different candies to three children?" and then encourages students to use techniques about counting functions in their solutions. In solving this problem students must decide whether the domain will be the set of children or the set of candies, requiring the application of two restrictions from the definition of a function -that a single input can be associated with only one output, and that every input must have an output. Although in practice we may "give candies to the children" (in some sense, assigning a candy to a child), we cannot use a child's name as the input for our function, since the output might be multiple candies or none at all. Rather, to create a function we need to input a candy and assign the candy's owner as the output.
This interpretation of the problem also provides a very concrete context in which to discuss more abstract concepts such as injectivity and surjectivity. Unlike the horizontal line test, which in a student's mind may or may not be related to the definition of one-to-one, here a student can clearly explain that the function is not injective because we are forced to give at least two candies to a single child, and that whether a particular function is onto is based on whether each child receives some candy.
Recursion
We have already mentioned in section 2 that we replaced chapter 2 of the course notes with supplementary materials on recursion based on puzzles found in [9] . In keeping with the spirit of the notes, this unit focused on first recognizing the recursive nature of a problem and then justifying a recursive formula. The patterns were always based on physical situations rather than abstract sequences and many of the arrangements involved Fibonacci relationships, with which most students were already familiar.
Consider the following homework exercise from this unit:
Mrs. Hilbert is letting her students play with Cuisenaire rods. For those unfamiliar with these manipulatives, they are colored rods of different lengths -for example, all rods of length 2 are red and all rods of length 5 are yellow. You should know two things about Mrs. Hilbert's set of Cuisenaire rods. First, she lost all her rods of length 1 in an unfortunate papier mâché incident last year. Second, she has the Special Extended Set that contains rods of every positive integer length (starting at 2, of course). The order of the rods matters as long as the pieces are different colors (so 2-3 is different from 3-2, but there is only one way to count 2-2).
1. Let R n represent the number of different ways that students can lay out the colored rods to make a row of length n. Find R 2 , R 3 , R 4 , R 5 , R 6 and R 7 explicitly.
(Remember that we have no rods of length 1.) 2. Find a recursive formula that expresses R n in terms of previous terms in the sequence. 3. Justify your formula. Here is a suggestion: divide your configurations of length n into two categories -those that end with a rod of length 2 on the right, and those that don't.
Students drew arrangements of rods to determine R n for several values of n, and they used these illustrations to obtain and justify their recursive formulas. Each configuration of length n can be associated either with a configuration of length n − 2 (by removing a final 2-rod) or of length n − 1 (by shaving 1 unit off the final k-rod where k > 2). In this manner students were able to explicitly connect each term in the Fibonacci recursive formula R n = R n−2 + R n−1 with the arrangements of Cuisenaire rods. Moreover, such an argument relies at least implicitly on the use of the bijection principle learned in chapter 1 of the notes.
Ramsey numbers
The Ramsey number R(m, n) is the smallest number R such that within any set of R people there is either a subset of (at least) m mutual acquaintances or a subset of (at least) n mutual strangers.
In terms of graph theory, R(m, n) is the smallest number R such that an edge coloring of a complete graph K R with two colors (say red and green) will contain either a red K m or a green K n . This topic appears in chapter 1 of the course notes as an optional application of the generalized pigeonhole principle.
It is perhaps surprising to cover Ramsey numbers with middle school teachers. While the middle school curriculum is unlikely to include such an advanced topic, we found the experience of working with Ramsey numbers to be valuable for middle school teachers in several respects. Our students found it constructive (though challenging) to write clear formulations of Ramsey numbers in terms of strangers and acquaintances before abstracting to graphs. The homework built on this by asking students to write similar reformulations in other contexts, such as in the following exercise:
An outdoor park has 6 marked entrances. Each pair of entrances is joined by a trail. On any given day, each trail is designated "Bikes Only" or "Pedestrians Only". Explain why every day there will either be a triangular path for bikers or for pedestrians.
Once they had been introduced to the purely graphical definition, students were able to do a great deal of independent experimentation with edge colorings of graphs. Using this perspective, students independently made conjectures, such as that R(m, 2) = m for any m ≥ 2, and supported their conjectures with simple but logically valid arguments. The topic also naturally led to discussions about the mathematical notions of existence and nonexistence, and the distinction between necessary and sufficient conditions. For example, the fact that R(4, 3) = 8 can be proved by coloring a K 8 in such a way that no red K 4 or K 3 is present, but showing that R(3, 3) = 6 cannot be done by coloring a K 6 to include either a red or green K 3 .
The Student Experience
One of the primary benefits of using guided discovery is the opportunity for students to act as practicing mathematicians, in much the same way that chemistry students perform and interpret scientific experiments. Students become independent problem solvers, build intuition, and develop some level of comfort with engaging in unrehearsed mathematical dialogue. This experience is particularly valuable to middle school teachers in both obvious and more subtle ways.
The organization of the textbook compelled students to construct key ideas as they naturally arose in the problems. This approach fostered the students' ability to confidently work with new concepts and unfamiliar ideas in their own teaching, which is essential when they are required to adopt the latest curriculum materials or standards. The fact that there were no answers or worked examples in the text meant that students had to listen to their own intuition. It also reinforced the message that there are numerous valid approaches to solving a problem, which affected how students interacted with their peers. In particular, they learned that it is important to carefully follow and understand unexpected solutions that do not resemble one's own. For the middle school teachers, the latter implication is particularly significant in terms of their interactions with their own students in the classroom, as well as when grading written work.
Students developed individual written communication skills primarily through the supplemental homework sets. At first some students tended to write just enough for the instructor to know they had the basic idea of a solution, assuming she could fill in the omitted details. Possibly the supportive classroom environment encouraged this misconception in the sense that students did not always challenge each other's explanations during class presentations if everyone understood the main idea. This may have been translated into the message that it is acceptable to neglect precise reasoning in written work if the reader "gets the big picture." In any event, the instructor provided substantial feedback on written work throughout the semester, and by the third homework set the quality of submitted work showed a remarkable improvement.
As the term progressed, students also became increasingly able to recognize the importance of using correct terminology and the value of choosing appropriate notation. For example, initially a common practice among the students was to represent everything by numerals. With experience they came to see the disadvantages of naming seven children 1, 2, . . . , 7 if the problem required each child to choose from among five types of fruit which they also named 1, 2, . . . , 5. With instructor guidance they students became more inclined to use clarifying and contextual notation, such as denoting the children by c 1 , c 2 , . . . , c 7 and the fruit by f 1 , f 2 , . . . , f 5 . As they grew more comfortable doing this in their own work, they were less likely to feel overwhelmed when they encountered formal mathematical notation in the text.
Although students in a group discovery class don't receive content knowledge from their instructor in traditional ways, the professor plays a vital role in the classroom and imparts a variety of lessons about what it means to do and to teach mathematics. When the instructor encourages students to explain what they have tried or where their group is having trouble with a problem, the class sees that careful and patient listening to others can lead to progress, sometimes in unexpected ways. When a group is stuck, the instructor asks appropriate questions to help students learn to make use of knowledge that they already possess. By offering good examples for impromptu investigation, the professor impresses upon the students the advantage of checking small or familiar cases when trying to comprehend general principles, as well as the importance of looking for counterexamples when testing a new conjecture. We have found that over time students instinctively recreate this process in the absence of the instructor and begin to develop additional strategies for overcoming challenges.
Because all students were expected to present work at the board, there was an appreciation that everyone had something to contribute and the perceived "class stars" did not have a monopoly on correct solutions. Students also developed both a willingness to share ideas before they had been polished and an acceptance of mistakes as an inevitable part of the learning process.
Late in the semester, one student remarked that while she had worked harder in this course than in any of her previous mathematics courses, she was surprised at how much less preparation she had needed for the midterm exam. There was general agreement from other students that the ideas from the course were understood and deeply ingrained in their minds as a result of the guided discovery approach.
Not all lessons are easily absorbed. While student anxiety about guided discovery became almost negligible as the course progressed and everyone appeared to greatly enjoy their time in class, some students repeatedly expressed the concern that they still couldn't solve all the weekly problems by themselves. Although they knew that by the end of class they would understand the material, it was difficult to convince some students that group discussion is an integral part of the learning process and not a remedial measure. Many have an established belief that being an expert means having the ability to solve problems correctly the first time. With these students there remained some mild frustration that all their hard work did not seem to pay off in this (unrealistic) way.
That said, the overall reaction to the experience was highly positive. Students commented on the gratification that came from finding a solution after investing considerable time and effort, and that formulas made more sense when they were discovered rather than provided by the text. One student noted that his intuition had been strengthened by the investigatory process, especially through the experience of finding natural situations where exceptions and subtleties arose.
Accessing resources
We are eager to share our materials with other instructors who are considering teaching courses similar to ours. The adapted notes, instructor handbook, as well as supporting course materials from this class are available for free download from the website [8] . The topics covered in the handbook include: how to use the notes; how to use class time constructively; possible grading schemes; ways to motivate students to do more. There are also comments from previous instructors on specific problem sequences. In addition to this general advice, the handbook contains a chapter-by-chapter review of the content of the notes and separate chapter summaries for possible distribution. Supplemental materials designed by Reva Kasman for this class can also be found at this site, including homework sets, the module project assignment, and the worksheet on recursive patterns.
Concluding Remarks
The decision to use guided discovery with middle school teachers can be daunting at first, and this is exacerbated by the students' initial anxiety and reservations. However, we have found that despite their early fears the middle school teachers are an ideal audience for this method. They typically have an appreciation for the notion of "playing" with concrete examples before abstracting to general principles, and they are articulate about their own experiences of the learning process and how it could be mirrored in their own classrooms. To promote acclimation and acceptance of the non-traditional approach, we recommend an early discussion of the pedagogical attributes of the method, including its advantages in a course for teachers. We also believe that to be successful the instructor must be committed to using guided discovery consistently for the whole course, lest the students decide that they can just wait out the guided discovery portions of the class until the instructor presents the material more directly. Our experience of watching students enthusiastically engaged in mathematical dialogue with their peers has been extremely rewarding, and the ultimate level of student satisfaction with their own understanding was similarly high. We have found the challenges of teaching in this style to be well worth the effort, and we encourage other instructors to adopt this method in their courses for middle school teachers. A circular necklace without a clasp is made up of n distinct beads. Each bead is perfectly round but dyed a different color. In how many ways can this be done? This problem is similar to the question in Part (c), but the situation is different enough to affect the solution. Describe the distinction between the two problems, and then solve the necklace problem.
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2. When we are introducing our students to the concept of angle sums in a polygon, we usually ask them to take the polygon and divide it into triangles, since they know that a triangle has an angle sum of 180 • . One way to divide a polygon into triangles is to draw diagonals across the polygon from one vertex to another. This is called "triangulating" the polygon.
(a) Label the vertices of a square. In how many ways can you triangulate the square? (Note that orientation matters -so that drawing a diagonal from a to c is considered different from drawing the diagonal from b to d.)
(b) Label the vertices of a pentagon. In how many ways could you triangulate the pentagon?
(c) Label the vertices of a hexagon. In how many ways could you triangulate the hexagon?
(d) For any positive integer n (with n ≥ 4), how many diagonals does it take to divide an n-gon into triangles, and how many triangles do you get? Which Catalan number gives us the number of ways to triangulate an n-gon? You may give this answer based on your examples without providing any further proof or justification.
3. Suppose that 2n people are seated around a circular table, where n is a positive integer. We are going to consider the number of ways that these people could be simultaneously shaking hands without any arms crossing each other.
(a) If n = 1, there are 2 people at the table, and there is only one way to have them shake hands. If n = 2, there are 4 people at the table. In how many ways can they shake hands without crossing arms?
(b) Draw the configurations that represent the legal handshakes for n = 3 and n = 4. To do this, draw the a set of numbered vertices in a circle (for example: 1,2,3,4,5,6). Then draw edges to represent a legal handshake configuration. For example, the configuration (1, 4), (2, 3), (5, 6) is legal, but (1, 5), (2, 3), (4, 6) is not.
(c) Make a conjecture about the number of legal handshakes for any n based on your empirical evidence so far. 
